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EXAMPLE 6.1 Gauss elimination and back substitution: direct solution to linear
algebraic equations

Xy = k=NN-1,...,1

Solve

NN
2 9 L x 3
using ‘Gauss elimination and back substitution.

SOLUTION Since N = 2 for this example, there is (¥ — 1) = 1 Gauss elimi-
nation step. Multiplying the first equation by Az /A1 = 2/10 and then sub-
tracting from the second,

[10 5 ] [XI] [ 6
2 = 2
0 9 75(5) X 3 _E(é)
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which has the form AWx — y(I!, where A is upper triangular. Now, using
back substitution, (6.1.6) gives, for &k = 2:

. :%:?:0,225
Ay
and, for k=1,
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EXAMPLE 6.3 Jacobi method: iterative solution to linear algebraic equations

JACOBI

Solve Example 6.1 using the Jacobi method. Start with x1{0) = x{0) = 0 and
continue until (6.2.2) is satisfied for e = 1074

soLuTIoN From (6.2.5) with N =2,

k=1  mlit])= ALM[yl — A (i) = 11—0[6 _ 531
k=2  xmli+l)= ALD[M — Ay (i) :%[3 — 2%,(i]

Alternatively, in matrix format using (6.2.6)—{6.2.8),

The above tweo formulations are identical. Starting with x1{0) = x,(0) = 0,
the iterative solution is given in the following table:

i 0 |1 2 3 4 5 6 7 8 9 10

x1(7) 0 0.60000 043334 0.50000 0.48148 048889 048683 0.48766 0.48743 048752 048749
xz(7) 0 0.33333 0.20000 0.23704 0.22222 022634 0.22469 0.22515 0.22496 0.22502 0.22500

As shown, the Jacobi method converges to the unigue solution obtained in
Example 6.1. The convergence criterion is satisfied at the 10th iteration, since

x1(10) — x,(9)

0.48749 — 0.48752
= —62x107°
YC) ‘ 048749 SR
and
x2{10) — x2(9)|  [0.22500 — 0.22502 .
_ — 8.9 10 n
x2(9) 022502 Pl e
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EXAMPLE 6.4 Gauss-Seidel method: iterative solution to linear algebraic equations

Rework Example 6.3 using the Gauss—Seidel method.

SOLUTION From (6.2.9),

=1l 1) =l - Awnli] = 1516 550)

1 1
k=2 Xz(i-i—l)=A—[yz—Az1X1(i+1)]25[3—2&(1'-1—1)]
22

Using this equation for x1{i + 1), x3( + 1) can also be written as

1) =g {3 Zi6- 5t}

Alternatively, in matrix format, using (6.2.10}, (6.2.6), and (6.2.7):

o] =




These two formulations are identical. Starting with x1(0) = x;{0) = 0, the
selution is given in the following table:

GAUSS-SEIDEL i 0 | 2 3 4 5 6
x1(5} 0 0.60000 0.50000 0.48889 0.48765 0.48752 0.48750
xa(f} 0 0.20000 0.22222 0.22469 0.22497 0.22500 0.22500

For this example, Gauss—Seidel converges in 6 iterations, compared to 10
iterations with Jacobi. |
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For linear equations, f(x) = Ax and (6.3.5) reduces to

Xit+ 1) =x()+ Dy - Ax() = DD - AXi) + DYy (like Gauss-Seiclel methael )
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EXAMPLE 6.7 Newton-Raphson method: solution to nonlinear algebraic equations

Solve

X1+ X2 15 4
= 0 =
sl RN
Use the Newton Raphson method starting with the above x(0) and continue
until (6.2.2) is satisfied with e = 1074,

soLuTIoN Using {6.3.10) with f; = (x) + x2) and f; = x1x9,

=l

o |
P Ll _[ L] r_lxlu) —1]
- o | o @ | x@] | @) 1
5)61 5)62 x:x(:) X (I) - Xz(l)

xi(i+1)
Xz(l'—|— 1)

Writing the preceding as two separate equations,

(115 — x1 (i) — ()] — [50 — x1 (ix ()]
(i) — (i)

—x2(D)[15 — x1(7) — 22(3)] + [50 — x1 ()22 (4)]
X1 (t) — Xg(i)

Successive calculations of these equations are shown in the following table:

x1(i+1)=x()+

Xg(i—l— l) = Xg(i) =+

NEWTON- | 0 I 2 3 4
RAPHSON
x1 (1) 4 3.20000 4.99130 4.99998 5.00000
x2(1) 9 9.80000 10.00870 10.00002 10.00G00
Newton Raphson converges in four iterations for this example. |

Colculafion <.% 17" can be WfTO/acea( by the follwing stees:

J(DHAx(i) = Ay(i)
where
Ax(D) =x(i+1) —x()
and
Ay(i) =y — f[x(i)]
Then, during each iteration, the following four steps are completed:

STEP | Compute Ay(i) from {6.3.13}.

STEP 2 Compute J(i} from {6.3.10). REQ.O’{ E-)( {&

STEP 3 Using Gauss elimination and back substitution, solve

for Ax[i).
STEP 4 Compute x(i + 1) from (6.3.12}.
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Vi = Vi /[8k

2 unknowns
Each bus k& 1s categorized into one of the following three bus types:

1. Swing bus (or slack bus}—There is only one swing bus, which for
convenience is numbered bus 1 in this text. The swing bus is a refer-
ence bus for which V, ﬁéﬁ'], typically 1.0/0° per unmit, is input data.
The power-flow program computes Py and Q,.

2. Load (PQ) bus—P; and Qi are input data. The power-flow program
computes Vi and dz. Most buses in a typical power-flow program are
load buses.

3. Voltage controlled (PV) bus—P; and Vi are input data. The power-
flow program computes Qp and Jdz. Examples are buses to which
generators, switched shunt capacitors, or static var systems are con-
nected. Maximum and minimum var imits Qgzmax and Qgarmin that
this equipment can supply are also mput data. If an upper or lower
reactive power limit is reached, then the reactive power output of the
generator 18 held at the limit, and the bus i1s modeled as a PQ bus.
Another example is a bus to which a tap-changing transformer is
connected; the power-flow program then computes the tap setting.
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The bus admittance matrix ¥y, can be constructed from the line and - =
transformer input data. From (2.4.3) and (2.4.4), the elements of Yy are: * V. ¢
:
Diagonal elements: ¥y, = sum of admittances connected to bus & "o
c
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EXAMPLE 6.9

Power-flow input data and Y,

FIGURE 6.2

Single-line diagram for
Example 6.9

TABLE 6.1

Bus input data for
Example 6.9*

TABLE 6.2

Line input data for
Example 6.9

TABLE 6.3

Transformer input data
for Example 6.9

TABLE 6.4

Input data and
unknowns for
Example 6.9

Figure 6.2 shows a single-line diagram of a five-bus power system. Input data
are given in Tables 6.1, 6.2, and 6.3. As shown in Table 6.1, bus 1, to which a
generator I8 connected, is the swing bus. Bus 3, to which a generator and a
load are connected, is a voltage-controlled bus. Buses 2, 4, and 5 are load
buses. Note that the loads at buses 2 and 3 are inductive since Q, = —Q;5 =
—2.8 and —Q;3 = —04 are negative.

For each bus k, determine which of the variables Vi, &, Pi, and Q, are
input data and which are unknowns. Also, compute the elements of the sec-
ond row of Fiy.

SOLUTION The input data and unknowns are listed in Table 6.4. For bus 1,
the swing bus, P; and Q; are unknowns. For bus 3, a voltage-controlled bus,

T2

800 MVA
! o 4 345/15 kV

520 MW

B1 B3
400 MVA 5y Y A 800 MVA
15 kY = B52 B4z = 15 kV
400 MVA
15/345 kv N _| a5y 490 Muar BO MW
345 kv | 2 ©| 200 mi
100 mi (2 -
B21 [ee2
2
280 MVarJf l BOO MW
v Pg Qg P QA Qomax  Qomin
per 7] per per per per per per
Bus Type unit  degrees  wunit  unit  unit  unit unit unit
1 Swing 1.0 [t} i} o
2 Load U] V] 8.0 2.8
3 Constant 1.05 52 0.8 04 4.0 —2.8
voltage
4 Load 1} [ 1} G
5 Load 1} [ 1} [H
* Spase = 100 MVA, Viaee = 15 KV at buses 1, 3, and 345 KV at buses 2, 4, 3
Maximum
R’ X G’ B’ MVA
Bus-to-Bus per unit per unit per unit per unit per unit
2-4 (0090 0.100 {t 1.72 12.0
2-5 (.0045 0.050 { 0.88 12.0
4-5 0.00223 0.025 [} 044 12.0
Maxirmum
R X G B Maximum TAP
per per per per MVA Setting
Bus-to-Bus unit unit unit unit per unit per unit
1-5 0.00150 ¢.02 Q o 6.0
3-4 0.00075 .01 Q 0 10.0
Bus Input Data Unknowns
1 Vi=104=0 P,
2 Py =Pg —Pa=-8 V2, 2
Q2 =Qg — Qo= -18
3 Vi =1.05 Qs, 43
Py =Pm — Pz =44
Py=0,0Q=0 Vi, &y

5 szﬂjo_gzﬁ Vi;fsi




QQ; and &3 are unknowns. For buses 2, 4, and 5, load buses, V;, V4, Vs and
dg, &4, d5 are Unknowns.

The elements of ¥y, are computed from (6.4.2). Since buses 1 and 3 are
not directly connected to bus 2,

Y= ¥ =0
Using (6.4.2},

1 1
s — _ — _0.89276 + j9.91964 it
TR 1 XL, 0.009 1 /0.1 9276 + /9.91964  per uni
= 9.95972/95.143° per unit

1 1 A
Fas — _ — _1.78552 + j19.83932 {
T RIL 1 X, 00045+ j0.05 +719.83932 peruni

= 19.9195/95.143° per unit

1 1 ‘Bl
Y = ;24 ;225
PR AX RpXg Y2 T2

= (0.89276 — 79.91964) + (1.78552 — j19.83932) +j%+j¥

= 2.67828 — j28.4590 = 28.5847/_84.624° per umnit

where half of the shunt admittance of each line connected to bus 2 is included
in ¥y (the other half is located at the other ends of these lines).

bous k
N | Y
I=Y,,V —= jk:ZYhVR L_,jl:
n=1 3 5

CUMF’“ FDWW'.

N

S =P +jQ =Wl = PHJ'kawchYm k=12, N
n=1

WL’\W"-;

Vo= Vael™

Vo = Yt = Gin+jBw kin=12,... N

N
= Pr+jQir=V; ZY@VHBJ@_{;”_E’“)
=1

Polosr fovrm Rectonglar fom

P, =V, ZYann COS((Sk —d, — Qfm) Py =Vy Z ValGin COS@‘;{ — én) + B, sin(ﬁk — 5,1)] (6412)
n=1 OR a=1
N N

Qk :VkZYimVn sin(ék—én—é);m) k:1,2,4..,N QK:VKZ Vn[Ggm sin(ék—én)—B;m COS(&]{—(SH)] k:1,2,“.,N
n=1 n=1

(6.4.13)
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Also,

Qor = Qr + Qrx

5> SWI@ E)bLS

N
Pk — Vk ZYann COS(ék - 5}1 - gkn) ﬂeﬂ/‘ ovie H:wvj‘lvm w,g—
=1
N
Qp = Vi > YV, sin(8x — 8 — ) k=1,2,...,N
a=1

EXAMPLE 6.10 Powerflow solution by Gauss—Seidel

For the power system of Example 6.9, use Gauss—Seidel to calculate P5{1),
the phasor voltage at bus 2 after the first iteration. Use zero initial phase
angles and 1.0 per-unit initial voltage magnitudes (except at bus 3, where
Vi = 1.05) to start the iteration procedure.

SOLUTION Bus 2 is a load bus. Using the input data and bus admittance
values from Example 6.9 in (6.5.2),

va(1) — = {PZ‘—J"QZ— [¥a1 V1 (1) + Y23 V2 (0) + Y24 Va(0) + stVs<0)]}

Yoo | V2 (0)
B 1 —8 — j(—2.8)
"~ 28.5847/—84.624° 1.0/0°

— [(—1.78552 + f19.83932)(1.0) + {—0.89276 +j9.91964)(1.0)]}

_ (=8 + j2.8) — (—2.67828 + j29.7589)
B 28.5847/ —84.624°
= 0.96132/—16.543° per unit

Next, the above value is used in (6.5.2) to recalculate F>(1):

1 —8 4+ /2.8
28.5847/—84.624° { 0.96132/16.543°

— [~2.67828 + 1'29.75829]}

P2(l) =

—4.4698 — j24.5973

= 3R3847/—8d 640 O-57460[=15.675 per unit

Computations are next performed at buses 3, 4, and 5 to complete the first
Gauss—Seidel iteration.
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k=2,3,...,N
The Jacobian matrix of (6.3.10} has the form Ty, = 3; = VYV, sin(dy — 8, — Ope)
) J1 n ) oy
APy APy éPy 8Py T2 = 757 = Vi Yoo 0080k — 00 — O
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8
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Qs Q0 0y 9Q; n=k p ¥
R Dy | V2 Vy Tl =555 = Vi D YeuV sin(Ge —6, — )
#Qy 6Qy dQw dQy ap, il
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8Qy s
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STEP | Use (6.6.2) and (6.6.3) to compute

AP(E}} _ {P — P[x(i}] } (6.6.5)

Ay = {AQ(f) Q - Qx(7)]

STEP 2 Use the equations in Table 6.5 to calculate the Jaccobian
matrix.
STEP 3 Use Gauss elimination and back substitution to solve

lJl(i) 12(i) _ [ AP() ] (6.6.6)
B | 4 AQ()

AS(i)
AV (i)

STEP 4 Compute

o= )L ) e

Fov -}JN. Vul-i-a.#ﬁ— certvolf ed buss , its Vi s oraitedl ﬁw—w\,(
and Q/‘(K\ P ﬂn—w\ Y.
Read Ex .|
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